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1. INTRODUCTION

Let 4,:0 = x4 < x; < - < x, = | (neN) be a finite partition of the

interval I = [0, 1]. This partition is extended to a sequence 4, , : = {x;}7+%,
of so-called knots by setting x_,, = - =x_; =0and x,;, = - =X, = |
(keN).

Schoenberg [12] has constructed a generalization of the Bernstein poly-
nomials, by associating with a function f: I — R the spline function of
degree k (order k +- 1)

n-1
Spif(x) = Z S5.1) Njulx), 0 <x<1, (1.1)
J=—k
with knots from 4,,. S,,.f is to be regarded as an approximation to f on I.

The function f'to be approximated is evaluated at discrete nodes &; ;. depending
on kand 4, ;:

g, = St x’“,j N (p<j<a—1). (12

These nodes satisfy:

0=¢ 0 <€par < < Ear=1, 1.3)

- Xjver1 — Xjn1
I e

k

§j+l,k -
The weights N; ;(x) in (1.1) are known as normalized B-splines:

Njalw) = 2 M (), (1.4)

where the B-spline M; .(x) (see [2]) is a spline of degree k, the (k + 1)th
divided difference of (the function of ¢; x fixed)

Mx;t) = (k + Dt — x)F = (k= Dt —x)F  t=x

== r <t X,

s
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On Xj .., X0y - Thus
M; (x) = MUXTX; X g yeeen X5 1)
For later reference we list some known facts about B-splines (see {2, 3. 9)):

N;lx) -0, supp N, (X)) = [, Xl (1.5)

11 o1

n-—1
Y Ni(x) = 1, Y &N X)X [ M, () dx 1. (1.6)
FESES A

Je==k ARt

The Schoenberg spiine operators S, . are linear and positive, reproduce finear
functions, and are variation diminishing (see [13]). Marsden [9] proved
that they are even a linear approximation method on the space C(I) (with
It - ' the usual sup-norm on /) in the following sense: 'S, ./ - f,. — 0 for
feC(I) as the mesh of 4,,, "4, 1:: max(x;,; - x;), goes to zero. (For
k ~= 1 this method reduces to linear interéolation.‘)

In Section 2, we shall extend Schoenberg’s approximation method to a
method for the L, -approximation of functions fe L (I), | <l p =7 oc, the
space of real-valued pth power integrabie functions on /7, with | - | , the usual
L,norm on I. The corresponding spline operators T, ;. will roughly speaking
be constructed replacing f(¢;,) in (1.1) by an integral mean of f over a
suitable small interval around the node ¢, , . Therefore we shall refer to them
as “integral Schoenberg spline operators.”™

In Section 3, the L -norm of the difference between a function fe L (/)
and the associated integral Schoenberg spline 7, ,f is estimated in terms
of the first-order integral modulus of continuity w, (/. -). The main result
will be that | f — T, .1,  Ow, (/. 4, M.

It should be observed that the right-hand side of this estimation is of
order O(n=°) if the partition 4, is equidistant and if f is belonging to a
Lipschitz class Lip(«, L,). The method of proof is smoothing, ie., f i3
approximated first by a function g with g"in L (/) and then g is approximated
by T, g (see, e.g., [4]). The connection between these two processes is given
via the K-functional of Peetre [10].

2. L ~APPROXIMATION

Applying the first-derivative operator D to (1.1), we obtain easily, utilizing
a lemma of Marsden [9, p. 32],

DS, 1 J(xX) = Z '/‘(%j{‘f!?‘ ,/éé‘: f’]‘l’*!‘)

}

Njotah 0 v . (2.1)
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where &, .., (—k — 1 <<i <\ n — 1) are nodes given by (1.2) with k replaced
by k£ + 1 and the functions N;,(x) are the normalized B-splines given by
(1.4). DS, ;.,1f is a spline function of degree k.

If fe L,(I), consider the indefinite integral F(x) = |, s f(t) dt. Equation (2.1)
applied to the (absolutely continuous) function F gives for 0 <{ x < 1

nl £, k41
Turf(5) = DSpaniF() = § Vet fd. Q)

je=—k fi,k+1 - gi—l.lﬁ-l §ia1,k1

T.x/ is again a spline function of degree k. For reasons mentioned in
Section 1 we shall denote it as integral Schoenberg spline of degree k. Its
representation (2.2) can be simplified observing (1.4) together with

Einnt — Ermrnnn = __lka%I_L (2.3)
to
n-1 € ket
Taf) = Y My [ fnd,  0<x<1 Q4
j=Fk §i1,k41

The operators 7, are linear positive and preserve the identity. In a certain
sense they can serve as a linear approximation method on the space L (1),
which is shown by the following theorem.

THEOREM 1. For fe L(I), 1 < p < oo, there holds
() Jimg | Tosf =/l =0 (k&N fixed),
(i) lim( T/ —fllh=0 (76N fixed).
Proof. The spline (2.4) can be considered as a singular integral of the type

1
Tuif() = | Hoilw, 0 /(0) di
with the positive kernel

n-1
Hos(x, 1) = 3 M, (x) Ly (),
j=—k
where 1,_, ., is the characteristic function of the interval [&;_{ 11 &5 p1al
with respect to 1. Utilizing (1.4), (1.6), and (2.3) we have for all n and & and
all x or ¢, respectively,

n-—1 n—1
f: Hyi(x, 1) dt = Z M; 3 (Es i — Eirna) = Z Nyx) =1, (2.5)

ok Je——k

n—1
[ Haste 0ty = 5 i [ M) d = 1. 2.6)

j=—k
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Step one. The sequence of operators (T, ;) is uniformly bounded in »

resp. k.
First, assume p >- [. Using Holder’s inequality with p=! - ¢! |
we obtain for an arbitrary f¢ L () by (2.5)

.1 N
T ) :[ Hn.,,&.\‘.f)‘_I(r)i"dr(

{

from there by (2.6) and Fubini’s theorem

. g.\ a1 o é)';‘
Toud s 3 [ Hox 0 1) v d di]

U}

— g.’: LI ’ f‘ H, (v, 1) dy ! (/ff!”j/ /o

Lo
and hence | T, +, == I for all » and k e N. The case p =: 1 may be dealt
with in the same manner; the proof is simpler and does not require (2.5).

Step two. (i) resp. (ii) holds for the dense subspace C(I) of L (1).
Using (1.1), (2.4), and the very useful relation

w1 PR
Y M | dr 1. (2.7)
) .

Jem e it it

we have for an arbitrary x e/

71

T — S f Ol = Y M) [y - & di (28)
Pk Sy

In view of

. I
g;_}.—n e Scj—l,kq-l Coomim (§ 4, i ﬁ*r)s

y (2.9}
. BEAre ]
& r — &5, 7 min (~»~2—~—~ )
we obtain from (2.8) and (2.7)
“ Tn,ly_/l_ S’w,]\'.f :)7 S Th.ﬂ./i'— Sn,'x.f w0
D owf. 4y ) (k fixed, r sufficiently large).
< wy, (lf, s wal_) (i fixed. & sufficiently large).

(2.10)
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where || - |, denotes here the sup-norm on [ and w,(/, -) is the ordinary
modulus of continuity with respect to this norm. Now

”f_' Tn.k Hp § Hf’ Sn,kxf”p + ” Sn,lc.f_'_ Tn,laf”p .

For | 4, | — 0 (resp. k -~ o0) each term goes to zero, the first one on account
of a result of Marsden [9, Theorem 3], the second one by (2.9), which proves
the assertion of step two.

The rest of the proof follows by the density of C(I) in L (/) with respect to
the L,-norm since the norms of the operators T, ;. are in any of the two cases
bounded by 1.

Remarks. (1) If n = 1, then the integral Schoenberg splines reduce to
the Kantorovi¢ polynomials [7] (which are obtained from the Bernstein
polynomials in the same way as our splines 7, ,.f from the Schoenberg
splines S,,.;.f) and Theorem 1, (ii} turns to a well-known result of Lorentz
[8, Theorem 2.1.2].

(2) For a certain modification of the operators 7, , Scherer [11]
proved an approximation theorem of the same kind as part (i) of Theorem 1.

As an application of Theorem 1 we obtain the following criterion of
compactness for a bounded subset

K:={feL,M1Ifll, = M, M a positive constant}

of L(I): K is compact with respect to the L,-norm iff 'f — Tp.fll, >0
(1 4., | — 0) uniformly for all fe K.

The method of proof is quite similar to an argument given by Lorentz
[8, p. 33] for Kantorovi¢ polynomials using the fact that by Hausdorft’s
criterion of compactness in complete metric spaces (see [5, p. 108]) K is
compact iff for each € > 0 there is a finite e-net.

3. DEGREE OF L,-APPROXIMATION

In this section only splines of fixed degree k will be considered. Let L,'({)
be the space of those functions fe L ([), with f absolutely continuous,
f" € L) and the norm (| 1 = {1 fllp + 1 /" ll5 -

The following theorem gives an upper bound for the degree of L -approxi-
mation of integral Schoenberg splines to “smooth” functions fe L, (7).
It will be the key for proving our main result. For its proof we need the
following
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LEMMA.

n-l »$ikin
)3 A[j,k(-\')J fr— xdr (k- 4, (x e ).

j=—k W

Proof. Fix x esupp M, ;(x). In view of supp M, (%) == [x;, x;...1] and
&vkar s & €supp M (x) we have |t — x| << (k +1)]4,! and thus
by (2.7)

-1

n-1 ik el
T M, () f roxide o (ko LY M) di

ek -1 1 J=—k i1k

ko4,
THEOREM 2. For fe LX), 1 < p < oo, there holds
WS = fl = (k= DIf 1,04,
Proof. Fix x €I Then by (2.7)

”‘Z (-51.1.7,1

Jeeml Y1k

| T i f) — f(x),

M; (%) ("Atf’(u) ([u) dt {

n-1 & ki1

D ’ : ’nt IM; () | () duj dt.

et .
Jer—k Y €jendkil T

Applying twice Holder's inequality with p=' -~ ¢~1 =: 1, then Cauchy-
Schwarz’s inequality, and the lemma yields

| T f(x) — f(X)]

H/\

Z M, (%) [‘ s ;;‘ {— x|t (f RO du) g dt

J==k (PRSI

o ded)”

j=—k Simtnn Vit Y

A
[Vl
=
’;‘.\
o
\-/
—
L—w
I
-
[
N
A\

1/q

W\

SZ M)L(x)f t—xia’t%

3241» 51,541

§Z<mmof Lﬁf@Wmm$”

j=—1 $5-1,k41

s JJksl t 1/19
§W+WMMW"ZMAﬂf [ 177G\ du dr

J:J €141 "%
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From this follows in view of supp M; {x) = [x;, X5141) (1.6), (2.9), and
Xjsker = Eiprn > 0

| Taref — Sy

=t gt | Y [ [ [ o e as

j=—k v 0 (PR TS

1/p

n-1 1/p

An ! f J+k+1 [[ff(u)fp du

1
[
j=—&  §

< (k + Dy |4, e g

1 1/p ‘
<+ DAy D) [ £ @ dul
< G+ Dl A,
This completes the proof.

Remark. For the approximation of fe L,}(I) by Schoenberg splines
Scherer [11, Satz 2] obtained a result of the same kind.

In what follows we will measure smoothness using the K-functional of
Peetre {10]. It is for fe L, (1), 1 << p << o0, defined by

Kyt f) = illf1 (f—gls+rllg'l) O<r<). G.0)

Roughly speaking the K-functional is a seminorm on L (I) measuring the
degree of approximation of a function fe L,(I) by smoother functions
g € L, M{I) with simultaneous control on the size of || g' ||, (see [4]).

The more classical measure for smoothness, the integral modulus of
continuity, which for fe L (D), 1 < p < o0, is defined by

wy(f, 1) == sup (- + 1) — fOll, (T) (3.2
0<t<h
(where (| - || (1;) is indicating that the L -norm is to be taken over the interval

I, = [0, 1 — ¢]) is in a certain sense equivalent to the K-functional. Johnen
[6, Proposition 6.1] proved that there are constants ¢; > 0 and ¢, > 0,
independent of f and p, such that

awy,(f,1) < K f) < g () 0<r <) (3.3)

THEOREM 3. For fe L(I), 1 < p < oo, there holds

” Tﬂ,kf _f”p < Mwl,p(f’ J An D,

where M is some positive constant, independent of f and p.
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Proof. In view of Theorem 2 and || T, , li, == 1, we have
[ Touh =iy =2 2001, he L)
Stk - DR, he LX)
When fe L,(I) and g is an arbitrary function from L (1), then

"‘ Tn,].‘f'—.flﬂp e 'Iﬂn./v(A/A B g) B (/ g)‘lp T T"ﬂ,l,‘g g
:,2/( g\,) (l\ - l)‘gyzipldn
;5/’1 2(‘”], - g [;‘1) /\ | ‘dn . g( IJ)'

Taking now the infimum over all g & L (/) on the right-hand side, using the
definition of the K-functional and observing (3.3). we find

x‘ Tn,]s.f N f‘”n T ZK(/‘ ldn sf) 2("1(‘01,]1(]; IN : An x)

Since wy (/i k14,1 = ko (/. 14, ) for k € N the theorem is proved.

CoroLLARY. JffeLip(a, L,) (0 << x < 1), then
’1 Tn,/;‘/. N .f\‘;n 0(‘ /—/Jn ‘)'

Here the Lipschitz class Lip(x, L,) of order ~ with respect to the L ,-norm
is defined as the collection of all functions f'= L (f) with the property
Wy, ([, 1) = O(t*) (t — 0-1-). To make these last results still more transparent,
we are considering the family of spaces [L,%, L ,].. 0 <2 x +7 [, consisting
of all functions f& L,(I), for which

Wy, e osup K f) D o (3.4)

IR |
where K,'(¢, -) is a modified K-functional on L (/) given by

Ky'(t, ) == inf (0~ g0, = 1 igih)
gL,
inf (" - gy, rlig, gL (0 = -2 1)
!/CL],1
and connected to K, {¢, -) by
Kt )y < K1) =oeif, + 2K 1) (3.9)

(see [6, p- 300]). The spaces [L,%, L,], are complete under the norm (3.4)
and intermediate between L, }I) and L (I), i.e., continuously embedded
between these two spaces (see, e.g., [, p. 168]).
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Utilizing (3.3) and (3.5) it can easily be proved that fe[L,}, L], is

equivalent to feLip(a, L,), 0 < o < 1. Thus the corollary tells that
especially for equidistant partitions of the interval I (i.e., |4, | = n™) the
elements of an intermediate space [L,!, L,], between L, (I) and L,(I) are
approximated by our method with respect to the L -norm of the order O(n—)
if n goes to infinity. The case of fixed knots and degree & tending to infinity

wi

o

10.

1.

12.

13.

[ be treated in a forthcoming paper.
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